We study the production of polarized Λ hyperon in semi-inclusive deep inelastic scattering off an unpolarized target. We include the cases in which the Λ hyperon is longitudinally polarized or transversely polarized, and in which the lepton beam is unpolarized or longitudinally polarized. Within the framework of the transverse momentum dependent factorization, we take into account the complete decomposition of the parton correlator for fragmentation up to twist-3. We present the cross section of the process to order 1/Q. The expressions of the polarized structure functions, which may give rise to various spin asymmetries, are also given.
I. INTRODUCTION
Understanding the spin structure of the Λ hyperon is one of the most challenging problems in spin physics. The study of the Λ polarization dates from 1970s when Fermilab [1] conducted the pioneer measurement in hadronic collision at 300 GeV. The measurement of polarization phenomena of Λ hyperon production in semi-inclusive deep inelastic scattering (SIDIS) can provide further information about the spin structure of the Λ hyperon and the spindependent dynamics of fragmentation region, such as the mechanism of spin transfer from outgoing struck quark to a Λ hyperon [2] [3] [4] [5] [6] . The polarization of the Λ hyperon can be measured by looking at the angle distribution of decay Λ → pπ, since the decayed products (proton and pion) will preserve the polarization information of Λ hyperon.
The longitudinal polarization of the Λ hyperon can be generated in SIDIS by a longitudinally polarized beam off an unpolarized target. The angular momentum conservation indicates that outgoing quark has the same spin orientation as lepton beam and the polarized quark could fragment into a Λ hyperon and transfer its polarization in process. The longitudinal spin transfer has been measured by the HERMES collaboration [7] [8] [9] [10] [11] [12] and the COMPASS collaboration [13] [14] [15] . The production of transversely polarized Λ hyperon in lepton-nucleon scattering has also been proposed as a useful tool to study its spin structure [16] [17] [18] . Although the transversely polarized Λ hyperon production has been measured in hadron collisions [19] [20] [21] [22] with different beams, very little experimental information about Λ polarization is available from leptoproduction [23] [24] [25] [26] . In SIDIS, polarized Λ production is related to quark polarization inside the nucleons as well as the hadronization process in final state.
In this work, we study the semi-inclusive leptoproduction of longitudinally or transversely polarized Λ hyperon: ℓ+N −→ ℓ ′ + Λ+ X, in which a lepton beam (unpolarized or longitudinal polarized) scatters off an unpolarized nucleon target. To this end, we consider the decomposition of the quark correlation function to the transverse momentum dependent (TMD) parton distribution functions (PDFs) and fragmentation functions (FFs), up to the subleading order of the 1/Q expansion. Within the TMD factorization framework, we compute the parton-model results of the cross section which is differential to the transverse momentum of the Λ hyperon. Particularly, we pay more attention to the T-odd PDFs and FFs, since they play important role on various azimuthal or spin asymmetries in SIDIS. As shown in Refs. [27] [28] [29] , the presence of the direction of the Wilson line in the decomposition of the parton correlation function will introduce several twist-3 T-odd functions that has not been considered in previous studies [30, 31] . We will also include these functions to compute the Λ-spin dependent structure functions.
The paper is organized as follows. In Sec. II, we review the decomposition of the parton correlation functions up to twist-3 level. We then perform the calculation of the hadronic tensor for Λ hyperon production in SIDIS with an unpolarized target. In Sec. III we decompose the cross section into a complete set of structure functions of the process and provide the spin-dependent structure functions. Finally, we summarize our results and give conclusions in Sec.IV. * N collinear frame [32] , the lepton plane is determined by l,l ′ . P Λ⊥ and S Λ⊥ are transverse parts of PΛ and S h with respect to the photon momentum.
II. FORMALISM OF THE CALCULATION
In this section, we adopt the approach in Ref. [33] to set up the formalism for the calculation of the Λ hyperon production in SIDIS
where we use l, l ′ , P and P Λ to denote the momenta of the incoming lepton beam, the outgoing lepton, the nucleon target N and the Λ hyperon, respectively. The momentum of the exchanged virtual photon is defined as q = l − l ′ and Q 2 = −q 2 . We also define the masses of the nucleon and the Λ hyperon as M and M Λ . To express the cross section, we introduce the invariant variables
Following the "Trento convention" [32] , we define the azimuthal angles φ h of the detected Λ hyperon between transverse momentum part and lepton plane as
where
We introduce perpendicular projection tensors
with nonzero components g It is convenient to expand the leptonic and hadronic tensor with respect to the virtual photon direction. The two normalized vectorst andẑ arê
We decompose the covariant spin vector S Λ of the Λ hyperon as
The azimuthal angle φ SΛ relevant for specifying the polarization of Λ hyperon is obtained from Eq. (3) by the replacement: P Λ → S Λ . In our study, the target nucleon is unpolarized and the detected Λ hyperon is transversely or longitudinally polarized. The cross section of SIDIS can be expressed as the contraction of the hadronic tensor and the leptonic tensor:
where the angle ψ is the azimuthal angle of the outgoing lepton ℓ ′ around beam axis with respect to an arbitrary fixed direction, and we can choose it to be the transverse polarization direction of the Λ hyperon. The expression of the cross section can be simplified with φ SΛ instead of ψ. In deep inelastic kinematics, one has dψ ≈ dφ SΛ [34, 36] .
In the γ * N collinear frame [30] , the lepton momentum can be expanded intot,ẑ and the perpendicular components. Thus, we have the leptonic tensor (neglecting the lepton mass): The hadronic tensor in SIDIS is defined as:
where J µ (ξ) is the electromagnetic current. It is understood that the sum X is also over the polarization of undetected hadrons in final state.
In the factorization framework [37] [38] [39] [40] , the cross section of SIDIS can be written as the convolution of the leptonquark scattering process (the hard part) and non-perturbative TMDs (the soft part) [41] [42] [43] [44] [45] . At the tree level, the hadronic tensor can be factorized in terms of various TMD PDFs and FFs up to sub-leading twist in the sense of 1/Q expansion. Therefore, the hadronic tensor can be obtained from the diagrams shown in Fig 
In Eq. (11), the terms with n + and n − arise from fermion propagators in the quark-lepton scattering part with corrections of order 1/Q. [46, 47] Note that here we decompose the spin and momentum vectors using two light-like vectors n + and n − in the lightcone coordinate, in which the transverse direction is defined in the Λ N collinear frame (T-vectors). Particularly, P and P Λ have no transverse momentum part, and they can be decomposed as
with n + and n − can be expressed in terms oft,ẑ and the transverse component q T ,
Thus the relation between the two bases of the transverse vectors can be obtained from the following expression [30, 46] :
The decomposition of the spin vector S Λ has the form
To construct the hadronic tensor, we start from the general structure of the correlation functions [48] shown in Eq. (11), which are Φ for the quark distributions, ∆ for the quark fragmentation, and the quark-gluon-quark correlators Φ A and∆ A .
The quark-quark distribution correlation function for unpolarized nucleon in SIDIS is defined as
In this correlator, the Wilson lines are given as
where the superscript n − of U indicates a Wilson line running along the minus direction in SIDIS. Detailed definitions of the Wilson lines for TMDs can be found in Refs. [49, 50] . Particularly, the definitions of Wilson lines for the correlation functions can differ in different processes [51] [52] [53] [54] . For instance, all occurrences of ∞ − in Wilson line in SIDIS should be replaced by −∞ − in Drell-Yan process. The quark-quark correlator for an unpolarized nucleon can be decomposed as [28, 29] Φ(x, p T ) = 1 2
where we limit the expression to the leading and subleading terms in 1/Q expansion. The fragmentation correlator ∆ is defined as [46, [55] [56] [57] ∆(z,
with
z , where the momentum fraction z in fragmentation functions coincide with the variable defined in Eq. (2). An similar remark holds for the Bjorken variable x in the definition of distribution functions. Up to twist-3 level, a complete parameterization of the fragmentation correlator ∆ complying with hermiticity and parity constraints can be given as [48] 
where the FFs on the r.h.s. depend on z and k
We use the shorthand notation [30] for the function G 1s :
and so forth for the other functions. It is easy to find that the decomposition of ∆ is obtained from that of Φ by the replacements: T is introduced to maintain the symmetry with other functions and simplify the expression of the results [29] . As we have few experimental information on T-odd fragmentation functions, model calculation is an important way to acquire knowledge of these quantities, such as the spectator models [58] [59] [60] . In SIDIS, the contributions of the functions g ⊥ and G ⊥ have to be taken into account, and they could provide useful explanation for the difference of the A LU and A UL asymmetries [28] . 
Compared to Φ and ∆,Φ α A and∆ α A contain an additional gluon leg [46, 47, 61] .Φ α A can be decomposed as
where we consider the target nucleon to be unpolarized. After performing the replacements in Eq. (23), we can also decompose the quark-gluon-quark correlator∆
It is convenient to parameterize the following combinations as
where the indices α, ρ and σ are restricted to be transverse, and we have used the combinations
Using the parameterizations of correlators in Eq. (11) and the above identities, we can calculate the hadronic tensor in the process in which a lepton scatters off an unpolarized target producing a polarized Λ hyperon. We obtain the complete results for the symmetric and antisymmetric part of the hadronic tensor:
and
where 2M W
[MT ]µν S/A denotes to the hadronic tensor for unpolarized Λ production. We find that 2M W
[MT ]µν S/A agree exactly with the results in Ref. [30] . The rest part is our new results for polarized Λ production. We would like to point out that our results also satisfy the electromagnetic gauge invariance (q µ W µν = 0).
III. THE RESULT OF STRUCTURE FUNCTIONS
To find the number of independent structure functions in the leptoproduction of Λ hyperon off an unpolarized target nucleon, we adopt a general analysis used in Refs. [35, 62] . The hadronic tensor W µν can be decomposed into scalar structure functions based on the polarization vectors of the virtual photon (ǫ µ ) and Λ hyperon (e µ ):
µν is the Λ-spin-independent part and W (S)
µνρ is the Λ-spin-dependent part. On the other hand, the scalar structure functions can be expressed as
To simplify the calculation, here we adopt a special reference frame in which the Λ hyperon is at rest and the momentum of the photon q is along the z axis. Thus the polarization vectors ǫ µ and e µ can be chosen as
If there is no any restriction, in principle there are totally 160 real structure functions. From the restrictions of the hermiticity, parity invariance 1 , current conservation and the constraint P Λ · S Λ = 0, one has: , with ℑ and ℜ denoting the imaginary and real parts of the structure functions. On the other hand, in the parton model the cross section of the process ℓ p → ℓ ′ Λ X can be directly calculated from the contraction of the leptonic tensor (9) with the hadronic tensor (33) and (34) . We find that up to twist-3, among 13 Λ-spin-dependent structure functions, there are twelve non-zero ones that can be expressed as the convolution of the distribution functions and fragmentation functions. Here we present the general expression of the cross section (for polarized Λ production) in the γ * N collinear frame:
where F ABC = F ABC (x, z, P 2 h⊥ ) denotes the structure functions with different angular modulations. The subscripts A, B and C indicate the polarizations of the incoming lepton, the target nucleon and the produced Λ hyperon, respectively; and we use U , L and T to denote unpolarized, longitudinally and transversely polarized particles.
The expressions of the structure functions in Eq. (38) have the following explicit forms
In the expressions of the structure functions we introduce the normalized vectorĥ = P h⊥ /|P h⊥ | and the convolution integral
Here, ω(p T , k T ) is an arbitrary function and the summation runs over quarks and anti-quarks. In above results, we have applied the equation of motion relations [30] among the twist-2 and twist-3 TMD PDFs and FFs. Thus we can find a feature that PDFs and FFs do not appear in a symmetric fashion: there are only twist-3 PDFs without tilde and twist-3 FFs with a tilde. The reason of this asymmetry is that in Eq. (38) the structure functions are introduced by using an asymmetric way in the γ * N collinear frames rather than the ΛN collinear frames. In the following, we will briefly discuss our results. Table. III of Ref. [31] and Eq. (38) in Ref. [34] . The six twist-3 structure functions in our results show some similarity compared with the expressions in Ref. [33] , while the role of PDFs and FFs have being reversed in the former.
3. Our results show that the polarized FFs play important roles in the quark fragmenting to Λ hyperon, i.e., the T-odd FF D ⊥ 1T have been studied in Refs. [16, 17] and our results show that it can be measured in sin(φ Λ − φ SΛ ) asymmetry. Because the TMD FFs are found to be universal in different process [37, 64] , the FFs can be also applied to study the Λ production in e + e − annihilation process. 4. If one neglects the quark-gluon-quark functions (the functions with a tilde) and T-odd distribution functions h ⊥ 1 , g ⊥ , h, then five structure functions at twist-3 have the approximated forms:
Thus, these results are similar to the Cahn effect in the unpolarized SIDIS. They occur when the intrinsic transverse momentum is included in distribution and fragmentation functions. At last, we perform the integration over the transverse momentum P Λ⊥ for the structure functions given above, the non-vanished integrated structure functions are as follows [31] 
where the functions on r.h.s are given by
and so forth for the other functions. In Eq. (58), there is no contribution from the distribution h, since T-odd PDFs vanish under time reversal:
The contribution fromD T (z) still remains due to the final state interaction effects [63] during fragmentation. Thus, the measurement of the structure function F sin φS Λ UUT (x, z) provides a unique opportunity to explore the T-odd FFD T (z). Furthermore, Eq. (59) shows a possible way to observe the function e(x) in the leptoproduction of transversely polarized Λ, provided the twist-3 fragmentation functionG T (z) is negligible. It is also worth pointing out that the structure function F LUL is associated with the longitudinal spin transfer from longitudinally polarized lepton beam to the Λ hyperon through the convolution of f 1 (x) and G 1 (z) [3, 4, 30] .
Finally, a general remark on Λ fragmentation functions is in order. In the entire paper, we do not consider the decay of the Λ hyperon to pπ. In reality, Λ fragmentation observables should be contained in the more general dihadron fragmentation observables, because in the end the Λ hyperon decays to two hadrons, and this decay acts as a polarization analyzer. Specifically, the polarization information of the Λ hyperon during fragmentation might be explored by the correlation (P p ∧ P π ) · S, where P p and P π are the momenta of the decayed proton and pion, and S is the spin vector of the Λ hyperon. This is similar to the correlation (P 1 ∧ P 2 ) · s q associated with the quark dihadron fragmentation function q → h 1 h 2 which was proposed to access the transversity distribution of the nucleon. Our calculation may be extended to the case of dihadron production in SIDIS, and we reserve it as a future study.
IV. CONCLUSION
SIDIS has been recognized as an very useful tool to study the spin structure of Λ hyperon. In this work, we have studied the production of polarized Λ hyperon by unpolarized or longitudinally lepton beam scattered off an unpolarized nucleon target. Using the complete decomposition of the parton correlation functions for fragmentation up to twist three, we have presented the tree-level result of the cross section for the process ℓ+N → ℓ ′ +Λ+X at order 1/Q, based on the TMD framework. We find that, among a total of twelve non-zero polarized structure functions, seven of them are at twist-three level and can be expressed as convolutions of twist-two and twist-three TMD PDFs and FFs. We give the complete expressions for these structure functions, each of which there are several twist-three functions that contribute. In our analysis we also include the T-odd TMD PDFs g ⊥ and FFsẼ ⊥ T andD ⊥ T , which were not taken into account in previous studies and may contribute in spin asymmetries in polarized Λ production. The measurements of ℓ + N → ℓ ′ + Λ + X thus can provide useful observables to understand the fragmentation mechanism and polarization phenomena of the Λ hyperon.
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